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A particle tracking model was applied to estimate the bed sediment transport in open channel with 
skewed box-culvert in rivers in Mexico, for which purpose the calculation of the hydrodynamics of 
the study channel was determined the three-dimensional velocity field [1], later, the calculation of 
particle transport was obtained, which was determined in any direction of the space caused by the 
velocity field and the turbulent dispersion (random movement of the Brownian type). The dispersion 
and re-suspension mechanisms of the particles used were represented by stochastic models, which 
describe the movement by means of a probability function [2]. The validation of the model was 
previously carried out by [3], obtaining average relative errors of less than 4.8%.  
Three numerical scenarios were calculated including different alternatives and its behaviour at the 
entrance, interior and exit of the water flow in the construction to determine which is the best option 
to be used on the skewed multi barrel crossings. In order to accomplish this, a variable slope channel 
and 1: 60 scale models of box culverts with 10, 22 and 45 degrees of skewedness were used. 
The results observed in the multi-eyed box culverts were favourable, due to the fact that the speed 
spans are low increase inside and outside of them, which favours the hydrodynamic behaviour and 
minimize the accumulation of sediment into structure in the river. 
  
INTRODUCTION 
The analysis and design of culvert for the flow of water through bridges, roads or road infrastructure 
works are important to minimize environmental problems and environmental impact on rivers and 
streams in the area of construction and civil engineering.  
 
The behavior of these culverts has been studied in relation to the number and placement of these in 
the bridges or crossings over rivers and streams, all depending on the geographical, hydrological and 
construction characteristics, always with the purpose of minimizing the natural channel and 
associated environmental processes such as sediment transport. 
 
For the study of these structures that facilitate the transit of water through roads and bridges, the use 
of numerical models is necessary to test different arrangements and configurations before the 
hydraulic scenarios that occur in the area at different times of the year. 
Various results have been proposed by works related to the hydrodynamics of rivers, irrigation 
channels and control works to regularize fluid flow and flow measurement. 
The numerical computational model developed in this work for the transport of the particles is 
governed by the Lagrangian approach, where the particles are located following a concentration 
exponential law or randomly located in the space. The advantage of using Lagrangian models to 
estimate sediment transport and some temporal changes in the morphology of the bottom lies in the 
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computational speed of using a previously calculated hydrodynamic field for the movement of 
particles. These allow the approximation of the temporal concentration of sediments contemplating 
the density of the material and using the PIC method to quantify the sediment transport associated 
with the displacement of the particles near the bottom. 
The Lagrangian approach is widely used in the study of the trajectories of movement of solid 
particles in fluid environments. This is due to the fact that it is possible to track the movement for 
each specific particle in more detail, in comparison with determining average concentration for grid 
cells. However, in practice, the most difficult part to use a Lagrangian based method is the strong 
dependence on the performance of computational resources, such as the amount of memory required 
for the particles. 
The Lagrangian mathematical approximations, based on methods of random movement, are well 
established tools for the calculus of sediment transport and pollutant discharges into aquatic 
environments. The discharges are treated as a finite number of particles; these particles move under 
the influence of the previously established flow field. 
The results of the hydrodynamic calculation correspond to a stable field and converged in time, 
which indicates that the velocity fields and their turbulent parameters can be assumed as constants, 
but with an important spatial variation, in this way the simulation of the transport of particles is 
performed for times greater than those obtained in the hydrodynamic simulation. Therefore, for the 
transport of particles, the same hydrodynamic field can be used repeatedly, for all time intervals, (Dt) 
as many times as required, until the simulation period is completed. The velocities of the particles are 
obtained by linearly interpolating the velocities around the particle in the three-dimensional mesh.  
An advantage of separating the hydrodynamic simulation from the simulation of particle movement, 
allows us to develop large numbers of transport simulations [4], in this way we can simulate particle 
movements with: different locations and types of sources, several simulation durations, different 
transport parameters and different physical properties of the particles (specific weight and diameter), 
all this based on a hydrodynamic velocity simulation. 
According to some current review papers regarding the Lagrangian modelling of Saltating Sediment 
Transport [5, 6], a model for the transport of sediment has to include mainly the motion of saltating 
grains, diffusion of particles, and calculation of bedload transport rate and to improve the motion of 
particles representing more natural shapes. And, for rivers, it must consider the nonuniform character 
of sand, distribution of particle saltation lengths, and excursion lengths may be more important in 
determining the morphodynamic behavior of the channel bed than the average particle motion. 
The application problem was to estimate the bed sediment transport in open channel with skewed 
box-culvert in rivers in Mexico, the study was in specific three different scenarios with a variable 
slope channel laboratory and 1:60 scale models of box culverts with 10, 22 and 45 degrees of 
skewedness were used, all conditions were controlled on flow rate and velocities to get the 
hydrodynamics field. 
Three sediment particle diameters were considered in all domain, shape regular and sand material 
properties in all simulation time; the seeded of 700,000 particles is homogeneous throughout the 
domain, 3 different diameters D15, D50 and D90 are included with a percentage distribution of 40, 











The governing equation hydrodynamical model 
 
The Navier-Stokes equations in free surface flow, in cartesian coordinates; use the hypothesis of 
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where 𝝂𝝂𝒆𝒆 effective viscosity coefficient, obtained by adding the turbulent and molecular viscosity 
coefficient 𝝂𝝂𝒆𝒆 = 𝝂𝝂𝒕𝒕 + 𝝂𝝂𝒎𝒎, [8] proposes the following model to solve the turbulent viscosity: 
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𝜹𝜹 < 𝟏𝟏 𝜿𝜿 is 
the von Kármán constant typically 0.41, (𝒛𝒛 − 𝒛𝒛𝒃𝒃) is the distance from the wall, 𝜹𝜹 is the boundary-
layer thickness and 𝝀𝝀 is a constant, typically 0.09. In the case of shallow-water flows, due to a steady 
current, the boundary-layer thickness may be assumed to be equal to the water depth h. The 
horizontal length scale is usually different than the vertical length scale, and the simplest assumption 
is to assume direct proportionality defined by 𝓵𝓵𝒉𝒉 = 𝜷𝜷𝓵𝓵𝒗𝒗. The constant 𝜷𝜷 has to be determined 
experimentally. 
 






𝐶𝐶𝜕𝜕2  (𝜕𝜕) 






𝐶𝐶𝜕𝜕2  (𝑣𝑣) 
 
where 𝑪𝑪𝒛𝒛 is the Chezy friction coefficient. The velocity components are taken from values of the 
layer adjacent to the sediment-water interface. 
 





             (4) 





where 𝝆𝝆𝒂𝒂𝒔𝒔𝒔𝒔𝒆𝒆 = 1.29 kg/m3, 𝝎𝝎𝒙𝒙 y 𝝎𝝎𝒚𝒚  are the horizontal components at x and y respectively of the 
wind speed at 10 m altitude. The unidimensional coefficient 𝒂𝒂𝒗𝒗𝒔𝒔𝒆𝒆𝒗𝒗𝒕𝒕𝒗𝒗 can be obtained using the 




𝑎𝑎𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 = 0.565 × 10−3;   𝑠𝑠𝑠𝑠 |?⃗?𝜔 | ≤ 5 𝑚𝑚/𝑠𝑠 
𝑎𝑎𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 = (−0.12 + 0.137|?⃗?𝜔 |)10−3 ;  
𝑠𝑠𝑠𝑠 5 ≤ |?⃗?𝜔 | ≤ 19.22 𝑚𝑚/𝑠𝑠                                   
 
𝑎𝑎𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 = 2.513 × 10−3;   𝑠𝑠𝑠𝑠 |?⃗?𝜔 | ≥ 19.22 𝑚𝑚/𝑠𝑠 
(5) 
The governing equation particle tracking model 
 
The numerical model for particle transport is given under a Lagrangian approach; the particles are 
placed following an exponential law of concentrations or by an initial position in three-dimensional 
space [10]. For the movement of particles, a stochastic model is considered and discretized in three 
dimensions (Fig. 1), considering the specific weight of each particle as well as the fall velocity of the 
same [11] and it is verified if these are within the domain study for a single time step (Dt) from (n) to 
(n + 1) is given by: 
 
𝑥𝑥𝑣𝑣𝑣𝑣+1 = 𝑥𝑥𝑣𝑣𝑣𝑣 + 𝑢𝑢𝑣𝑣,𝑗𝑗,𝑘𝑘(∆𝑡𝑡) ± (2𝑟𝑟𝑎𝑎𝑟𝑟𝑟𝑟(𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖𝑟𝑟) − 0.5)√(2𝜐𝜐𝑡𝑡𝑣𝑣,𝑗𝑗,𝑘𝑘∆𝑡𝑡) 
𝑦𝑦𝑣𝑣𝑣𝑣+1 = 𝑦𝑦𝑣𝑣𝑣𝑣 + 𝑣𝑣𝑣𝑣,𝑗𝑗,𝑘𝑘(∆𝑡𝑡) ± (2𝑟𝑟𝑎𝑎𝑟𝑟𝑟𝑟(𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖𝑟𝑟) − 0.5)√(2𝜐𝜐𝑡𝑡𝑣𝑣,𝑗𝑗,𝑘𝑘∆𝑡𝑡) 





Fig. 1. Location in the three-dimensional space of the particle and its associated velocities 
 
where (𝑥𝑥𝑣𝑣𝑣𝑣, 𝑦𝑦𝑣𝑣𝑣𝑣, 𝑧𝑧𝑣𝑣𝑣𝑣) is the position of the particle in time (t), (u, v, w) are the average velocities in (i, j, 
k), (𝜈𝜈𝑣𝑣) is the turbulent viscosity coefficient, (Dt) is the Lagrangian time step and (𝑤𝑤𝑠𝑠) is the velocity 
of sediment falling. The tracking of the particles is using the Eq. (6), therefore each particle is subject 
to a spatial displacement of magnitude 
±(2𝑟𝑟𝑎𝑎𝑟𝑟𝑟𝑟(𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖𝑟𝑟) − 0.5)√(2𝜐𝜐𝑡𝑡𝑣𝑣,𝑗𝑗,𝑘𝑘∆𝑡𝑡), in any direction of the domain, the sign is positive or 
negative depending on the sense of its location. In that moment of time the velocity field acts on each 
particle, in this way the movement has a sense in function of the main movement, given by the 
velocity fields. The term (𝜈𝜈𝑣𝑣) is found over the entire domain, represented by a field of positive 
scalars, which possesses information of turbulent intensities. 
 




𝑑𝑑𝑑𝑑 − 𝜌𝜌𝑢𝑢𝑖𝑖𝑤𝑤̅̅ ̅̅ ̅                          (7) 
 
where: (𝜏𝜏𝑣𝑣) bottom shear stress, (𝜌𝜌) fluid density, (𝜐𝜐) cinematic viscosity coefficient, (U) 




The critical shear stress that perform on the particles, is written: 
 
𝜏𝜏𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 0.03(𝜌𝜌𝑠𝑠 − 𝜌𝜌)𝑔𝑔𝑑𝑑50                        (8) 
 
where: (𝜌𝜌𝑠𝑠) solid density, (𝜌𝜌) water density, (g) gravitational constant and (d50) particle diameter 
50%. 
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Velocity fall of sediment 
 
To determine the velocity fall of sediment particles, these are considered to have non-spherical shape, 
so the effect of the shapes have a considerable influence on their velocity, mainly on relatively large 





0.8𝜈𝜈 ;   1 < 𝑑𝑑 ≤ 100𝜇𝜇𝜇𝜇
𝑤𝑤𝑠𝑠 =
10𝜈𝜈




− 1] ; 100 < 𝑑𝑑 ≤ 1000𝜇𝜇𝜇𝜇  
𝑤𝑤𝑠𝑠 = 1.1((𝑆𝑆 − 1)𝑔𝑔𝑑𝑑2)
0.5;    𝑑𝑑 > 1000𝜇𝜇𝜇𝜇
 
      (11) 
 
where (d) diameter of particle, (S) specific gravity, (𝜐𝜐) kinematic viscosity coefficient y (g) 
gravitational constant. 
 
RESULTS AND APPLICATION 
The physical scale open channel (Fig.2) had 2.32 m length, 0.18 m depth and 0.25 m width; the flow 
rate was 0.0019 m3/s, slope 0.006 and three skewed multi barrel crossings with 0, 10, 22 and 45 
degrees. 
 
Open channel scheme 
 
Open channel laboratory 
 




The numerical model was worked with a mesh in finite elements (Fig. 3) the first scenario contained 
8986 nodes and 17280 triangles to zero degrees of skewedness; the second scenario contained 7730 
nodes and 14816 triangles to ten degrees of skewedness; the third scenario was 2034 nodes and 3736 
triangles to twenty-two degrees of skewedness; and the last scenario was 8178 nodes and 15712 
triangles to forty-five degrees of skewedness were simulated with increments of Dt = 0.01 s and total 
time of 1500 s. 
 
 
Scenario 1: zero degrees of skewedness 
 
 




Scenario 3: twenty-two degrees of skewedness 
 
Scenario 4: forty-five degrees of skewedness 
 
Fig. 3. Finite element mesh in different degrees of skewedness 
 
The hydrodynamic model was used to generate the velocity field corresponding to 1500 s., taking as 
force the magnitude of flow rate in all scenarios. 
In the Fig. (4 to 7) the results of the behavior of the hydrodynamic in laboratory channel are 








Fig. 4. Hydrodynamic field in zero degrees of skewedness (m/s) 
 
 
Velocity magnitude (m/s) 
 
Field velocity vector (m/s) 
 
Fig. 5. Hydrodynamic field in ten degrees of skewedness (m/s) 
 
 
Velocity magnitude (m/s) 
 
Field velocity vector (m/s) 
 
Fig. 6. Hydrodynamic field in twenty-two degrees of skewedness (m/s) 
 
 
Velocity magnitude (m/s) 
 
Field velocity vector (m/s) 
 
Fig. 7. Hydrodynamic field in forty-five degrees of skewedness (m/s) 
 
Once the velocity field has been obtained, the seeding of sediment particles is placed at the bottom, 
the characteristic diameters of the sediment in the study area, which feed the sediment model are 
mentioned in the table (1), the material is constituted in 87% sand and the remaining 13% is 
distributed in coarse and bulky material. 
 
Table 1. Characterization of bottom sediments 
 
Grid Sand particle diameter (mm) 
 
Bulky particle diameter (mm) 
D15 0.19 1.25 
D50 0.28 1.65 
D90 0.42 1.80 
 
 
The seeding of sediment particles in the bottom of laboratory channel was established with an 
approximation by the PIC method (Particle in Cell), generalizing an initial concentration of 
sediments in a moment of time zero with 700,000 particles in this case. The concentration in an 
individual cell is obtained dividing the total mass in the cell by its volume.  
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The Fig. (8) presents the results of sediment transport for 1500 s in zero degrees of skewedness, in 
these images observed at different times (500, 1000 and 1500 s) the evolution of the transport in the 
bottom and consequently, the areas of sediment accumulation before and after the box culverts. 
 
 
Simulation of sediment particle transport  
at 500 seconds 
 
Simulation of sediment particle transport  
at 1000 seconds 
 
Simulation of sediment particle transport  
at 1500 seconds 
 
Fig. 8 Simulation of cloud evolution sediment particle transport to zero degrees of skewedness 
 
The Fig. (9) presents the results of sediment transport in ten degrees of skewedness, we observed the 
different distribution by the hydrodynamic field near to bottom box culvert inlet, the areas of 
sediment accumulation were increased. 
 
 
Simulation of sediment particle transport  
at 500 seconds 
 
Simulation of sediment particle transport  




Simulation of sediment particle transport  
at 1500 seconds 
 
Fig. 9 Simulation of cloud evolution sediment particle transport to ten degrees of skewedness 
 
In twenty-two degrees of skewedness, the Fig. (10) presented low behaviour in distribution of the 
particle transport in the bottom, the areas of sediment accumulation were reduced by angle increment 
of box culvert position. 
 
 
Simulation of sediment particle transport  
at 500 seconds 
 
Simulation of sediment particle transport  
at 1000 seconds 
 
Simulation of sediment particle transport  
at 1500 seconds 
 
Fig. 10 Simulation of cloud evolution sediment particle transport to twenty-two degrees of skewedness 
 
The Fig. (11) presents the results of sediment transport for 1500 s in forty-five degrees of 
skewedness, in these images observed at different times (500, 1000 and 1500 s) the evolution of the 
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Simulation of sediment particle transport  
at 500 seconds 
 
Simulation of sediment particle transport  
at 1000 seconds 
 
Simulation of sediment particle transport  
at 1500 seconds 
 
Fig. 11 Simulation of cloud evolution sediment particle transport to forty-five degrees of skewedness 
 
To visualize the behavior of the distribution of the number of particles of the three different 
diameters (D15, D50 and D90), in Fig. (12) the results of the distribution of the particles in the 
evolution of the simulation time are shown. 
 
 
Results to zero degrees of skewedness 
 




Results to twenty-two degrees of skewedness 
 
Results to forty-five degrees of skewedness 
 
Fig. 12 Number of sediment particle diameters to different degrees of skewedness along to time simulation 
 
The Fig. (13 to 16) shows the distribution of particles at the midpoint of sections A, B, C and D as a 
function of the number of particles in the water column represented as sediment concentration. 
 
For the configuration of zero degrees of deflection, the results of the distribution of water column 
particles in the center of each section are shown in Fig. (13), the suspension of the background 
particles produced by the velocities of the flow in each section of the channel. 
 
 






Fig. 13 Concentration profiles in all sections in zero degrees of skewedness at final time simulation 
 
For ten degrees of skewed, in Fig. (14) the results of the concentrations of particles in each section 
are observed, sections B and C show values in D15 with representative changes in their concentration 
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Fig. 14 Concentration profiles in all sections in ten degrees of skewedness at final time simulation 
 
Similarly, in Fig. (15), we show the results for twenty-two degrees of skewed, where in section D, it 
presents a different behavior in the representative D15 in its concentration in water column, in 














Fig. 15 Concentration profiles in all sections in twenty-two degrees of skewedness at final time simulation 
 
Finally, in Fig. (16), the results for forty-five degrees of skewed are shown, where it is observed that 
the values of the concentration of particles in water column increase their value in suspension due to 











Fig. 16 Concentration profiles in all sections in forty-five degrees of skewedness at final time simulation 
 
The results show that, for different degrees of skewed, they cause a different behavior of the particles 
in the water column, especially in those sections such as C and D which are further away from 






A general model for the sediment transport and dispersion of pollutants has been developed, based on 
a Lagrangian formulation.  The model allows to describe the evolution of tracer cloud both in the 
near and far-field. 
The introduction of random motion to the equations of the particle movement produces good results 
by simplifying the equations of particle motion, thus producing a model that can withstand a large 
number of particles without consuming too many computational resources. 
The model has the capacity to simulate 700,000 particles, limited only by the memory of the 
computer that is used. In this case, the evolution of tracer cloud is a function of the velocity field of 
the open channel and sediment process. 
The results of the distribution of particles show considerable changes in the magnitude of 
concentration or number of particles in suspension that can be measured in a water column; due to 
the increase in the angle of skewed and the number of multi-barrel that are placed in the cross 
section, as well as the dimensions of each section and its geometry. 
Actually, we are calibrating the numerical model with PIV measurements to 4 different scenarios of 
skewed multi barrel crossings.  
Therefore, it may be concluded that sediment particle transport allows estimate which is the better 
configuration of skewed box-culvert to minimize suspension sediment particles and erosion in each 
cross section. 
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